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The validity of the Prigogine theorem under any conditions (hence not only at mechanical equi-
librium) was achieved by a suitable definition of driving forces of diffusion, which are always
interrelated, Such driving forces can be obtained by supplementing the driving forces of diffu-
sion following from the expression for production of entropy (derived on the basis of more exact
balances of momentum and energy) with barycentric acceleration. This generalization does
not change the production of entropy and at the same time it ensures the validity of mechanical
equilibrium at thermodynamic equilibrium. In the approximate classical expression for driving
forces of diffusion, such generalization weakens considerably the assumptions necessary for the
validity of the Prigogine theorem.

The classical method of deriving diffusion equations based on irreversible thermodynamics gives
independent driving forces of diffusion' ~®, Only at conditions of a so-called mechanical equi-
librium! _4’8‘12, usually fulfilled in diffusion experiments, the driving forces of diffusion begin
to be mutually dependent, Based on this dependence, the Prigogine theorem can be derived,
which states that the production of entropy caused by diffusion is invariant with respect to the
definition of the diffusion flux, i.e. with respect to the choice of reference velocity of diffusion® ™%,
As shown by Fitts® in appendix D, the driving forces of diffusion obtained from the statistical-
mechanical theory of Bearman for nonreacting mixture® are generally linearly dependent. Since
Bearman’s result® was obtained earlier” in a general, purely phenomenological manner, it could be
expected that the Prigogine theorem, which is a result of this dependence, is valid generally. That
this conclusion is true, is shown in the present work. The basic idea is supplementing the driving
force of diffusion (following from the expression for entropy production) by barycentric accelera-
tion Dv/Dt. This does not change the expression for entropy production owing to the mutual
dependence of barycentric diffusion fluxes. It will be shown in the final part that already in clas-
sical irreversible thermodynamics® ™ such generalization leads 1o mutual dependence of dif-
fusion driving forces under much less severe assumptions than a mechanical equilibrium. However,
even such assumptions are abandoned if more accurate balances”'® are used.*

Definition of Driving Forces and Fluxes

It was shown’ with the use of more accurate balances of momentum and energy
following from the Truesdell theory of a multicomponent continuum® that for an

* The paper dealing with similar subject and leading to the same results in a special case

was recently published®,
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n-component, chemically reacting system without polarization and magnetization,
in a field of conservative forces, with symmetrical partial friction pressure tensors,
the expression for production of entropy ¢ has the form (Eqs (55) and (58) in ref.”)

~To=Ywri+ X ¥ +J.VinT+ I: Vv +
i=1 i=1

+ Y V@ + Y I [V — Fi+ o7 V. (I + 300, @ )] +
= i=1
" " L pun i
+(Z@lwi®a)i):V®v+Z(r}giwl®wi):V®mi+§QEZwiwi. (0
=1 i=1 =1

This equation is not identical with Eq. (259-4) in ref.® obtained in an analogous way,
since the entropy balance, Eq. (49) in ref.”, differs from that in ref.®, Eq. (259-3)
(J'n contrast to the accord in other balances). In the latter, different definitions of
chemical potential and partial volume are used (ref.B, § 255 and 260) as compared
with the balance (49) inref.” (used also in classical monographs® ~®). Differences in
these definitions will be discussed elsewhere'®. Eq. (1) can be rearranged with the use
of (48) (see Appendix) as follows:

n n [
—To=Ypr+y i +J.VInT+HO:VOv+YI:V® o, +
i N EDt i=1

i=1

+ Z{Jx-[vﬁla_ F; + QFIV- ; + Qi_l V'(Qimi ® wi)_ 120;1 V‘(ini®wi)] +
i=1
+ 000 [0, 9)¥] + g, [io V) 0] +1070 25 + g, []’3“1} (1a)
t t

On introducing Eqs (49), (50), (55) (equations of continuity for i-th species) and (60)
and using the definition of substantial derivative (52) for ¢ = @;, we obtain the
equation (which for a nonreacting mixture is identical with (58a) in ref.”)

n n n n
—Ta=2ﬂiri+z¢/iri+J.V1nT+ZH52V®V;+Z-’;~{V1Ui“
e i1 <1 =1
~F,'’FQiﬁlV-[Hi+(£’iwi®wi) _Jz'Q;IV-(Qimi®wl)+wi'(v®v)+
+30; (VO o) + doi o — do oV . J) + aal +(v.v) w} )
t

Now we add to the right side of this equation the identity
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34, (DvjDi) = 0, ©

which follows from the property of barycentric fluxes (51), and further we add and
subtract on the right side of Eq. (2) the expression

) %wizri = z”:Ji ~(Jfolwi"x) . (4)
=1 i=1

i

Thus, we obtain

i=

" n "
—To =Y wr; — y dofr, + Y iy + 7. VIn T +
i=1 i=1 i=1

+YH Vv, + Y . X, (%)
i=1 i=1

where, regarding the arbitrariness in defining fluxes and forces in irreversible thermo-
dynamics®:3+8, we define the driving forces of diffusion as
X; =V — F + ot V'("i + Qi‘”i®wi] — 3ot V~(ini®wi) +
+ 0, (VO V) + d0;,. (VO o) — b0 ', (V. J)) + do,/ot +
+ Dv/Dt + (v. V) o; + o] ‘o . (6)
With the use of Egs (49)—(53), (55) and (58) (see Appendix) and by an analogous
rearrangement as in deriving Eq. (59) from (58a) in ref.” we obtain the driving forces
of diffusion in the form
X, = Vo, — Fi + 07 * dov)jot + o7 ' V. [T + g0, ® o; +
+o(vi®Vv+ vV, —veV)] — o lvr, (7)
which is for nonreacting mixtures (r; = 0) identical with that given by Fitts®, Eq. (D3)
since our term —(IT; + ¢;0; ® w;) corresponds to Bearman’s “‘viscous contribution
to the partial stress tensor” © (cf. discussion of Eq. (58) in ref.”).

Eq. (7) can be further rearranged with the use of (47), (48), (52) (for ¢ = v) and (54)
into the form

X, = Vau; — F; + 72 a0t + o7 " V. [T, + 00, ® o] +
+o ' [V.(i®@v+v®J)—(v® V).J] + Dv/Dt. (%)
This driving force X; has, except for the term Dv/Dt, which is (Eq. (3)) meaningless

in the entropy production, the same form as that defined by Bearman®, Eq. (16), for
nonreacting mixtures.
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The driving forces of diffusion defined by Eqs (6)—(8) for i = 1 to n have an im-
portant property, namely they are linearly dependent:

i;lQiXi =0. )

This can be derived from the definition (7) similarly as by Fitts for nonreacting mixtu-
res (Eq. (D5) in ref.3):

n n n n n
ZIQiXi = ZlQaVT#a - ZIQLFi + V. (Yo, +1219iwi ® o) +
i= = = =1 =
+ Y oovifot + V.Y o(vi@ VA VRV, —v®V)— v, (10)
=1 = =

The Gibbs-Duhem equation can be with the use of the definition of isothermal
gradient Vo written in the form (Eq. (V-6) in ref.?)

0:Vap; = VP. (11)

M=

i=1

1l

In accord with most authors! ~>11:12, we shall assume that Eq. (11) holds. Truesdell®
in § 261 (¢f.*?) doubts whether Eq. (11) is valid except for equilibrium; however,
as will be shown in our work!®, his doubts are the result of a more general concept
of partial quantities, chemical potential and principle of local equilibrium in his
work®!3 (see also discussion of Eq. (I)). On introducing Eq. (11) into (10) and ex-
pressing the first three terms from the equations of continuity of momentum (59)
and (60), it is seen that the last term cancels as a consequence of Eq. (56) and the
rest can be rearranged with the use of Eqs (47), (49) —(51) into the form

Y. 0:.X, = —oDv|Dt + g dv[ot+ v dofot + (V.ov)v.

=1
This expression is equal to zero as is obvious when the last term is expressed from the
definition (52) for ¢ = v and from the equation of continuity of mass (57). Thus, the
relation (9) is confirmed.

Now we shall continue rearranging Eq. (5). The potential energy in a chemical

reaction is constant,

#
S ri =0, (12)

since mass and electric charge do not change during chemical reaction (cf.?, Eq.
(I1—27)). This probably does not apply for the kinetic energy of diffusion, i.e. the
term %Zr,»wf, which expresses the change of (macroscopic) kinetic energy of dif-
fusion during chemical reaction, is generally different from zero. With respect to the
right side of Eq. (), this term could be attributed also to diffusion, but if we want
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the driving forces of diffusion to have the property (9) we must attribute the mentioned
term to chemical reactions analogously as done by Truesdell®, § 259. This appears
plausible since one can imagine that, e.g. one of the components is introduced into the
reaction as a macroscopic flux. The macroscopic kinetic energy of diffusion is degra-
ded by a chemical reaction to internal energy (bonding energy and kinetic energy
of thermal motion) and so contributes to the increase of entropy during the reaction.
The part of the expression for entropy production caused by chemical reactions
(Eq. (5)) can be modified by introducing the rates of chemical reactions, yy

ro=Y My, i=1ton, (13)
k=1
and the affinity of k-th chemical reaction,
A= =Y vgMup, k=1tor, (14)
i=1

where vy are molar stoichiometric coefficients and M; relative molar masses of com-
ponents. In contrast to the definition used earlier? (Eq. (55) in ref.”), we used the
original definition!-#-11-12:14,

Further, by analogous use of the standard method?~#!? we divide the partial
friction tensors IT; into partial friction pressures 7; and partial friction divergenceless

0
tensors I1; defined by
n; = 3Trily, (15)
0
o, =nU+ I, (16)

where U denotes unit tensor and i = 1 to n. Since the tensors II; are assumed to be
symmetrical, one can derive the following expression with the aid of Eqs (15) and

(16):
n n no 0
SH:VRvi=Yn{(V.v) + Y I : (VR v), (17)
=1 i=1 i=1

where ()° denotes symmetry and - means divergenceless tensor. With the use of the

definitions

n=
i

0
m, (18)

M=

[
m, =
1 i

M=

1

[}

which are in accord with Egs (16) and (60), and with Eq. (49) it is possible to rewrite
Eq. (17) in the form
0 0

n 0 " 0
O:V@vi=aV.v+YnV.o,+ T:(VOVy + Y II;: (VO o).
i=1 i=1

™M=

i=1

L

(19)
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On introducing Eqs (12)—(I4) and (17) into (5) we obtain finally the expression
for entropy production

—Tg = — Zyk(Ak + Z%W?Ma"n() + ZTE-‘V.Vi +J.VInT+
I =1

k=1
n n 0 Y
+ 3L X+ Y (Ve v). (20y
i=1 i=1

The driving forces of diffusion are defined by one of the Eqs (6)—(8) and are linearly
dependent by Eq. (9). The fluxes are defined in the usual manner: y, rate of k-th
chemical reaction, J reduced heat flow, J; barycentric diffusion flow of i-th com-
ponent (these fluxes are linearly interdependent), the friction pressures 7; and friction
tensors IT; are also analogous' ~>!? with respect to Eq. (19).

Reduction of Eq. (20) to usual balances" ~* will be discussed in the final paragraph
(¢f. discussion in ref.”).

Prigogine Theorem and its Consequences

The result of the linear dependence (9) of driving forces of diffusion defined by Eqs
(6)—(8) is the general validity of the Prigogine theorem: The entropy production
is invariant with respect to the definition of the diffusion flux. The general diffusion
flux with respect to an arbitrary reference velocity v* can be defined as

J=gvi—Vv), i=1lton. (21)

This equation in combination with (9) and (50) gives the Prigogine theorem:

M=

n
oX; =Y A X;, (22)

1 i=1

i

J.X; =2@i(vi —-v). X + (G V)'
i=1 i

"

i=1

which is hence valid under all conditions and not only at a so-called mechanical equi-
librium* ~*. The reference velocity v* is in practice defined as

=1, (3), (24)

i

i =

vi=Yayv,,
=1
(vef.?, chapter XI, § 2), where a; are weight coefficients depending on the definition

of v* (for barycentric velocity v is a; = w;). The diffusion fluxes J7 in Eq. (21) are
linearly dependent:

élai.lf‘/wi =0. (25)

For a barycentric flux J;, Eq. (25) is reduced to (51). The condition (9) can be
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written with the use of (48) as
_Z wX; =0. (26)

In view of the general validity of the Prigogine theorem (22), a part of the entropy
production due to vector phenomena, o,, can be rearranged analogously as in ref.2,
chapter XT, § 2 (the Curie theorem can be applied in the usual manner):

n n
~To, =Y S X, +J.VInT=YJ . X, +J. VInT=
i=1 i=1

n—1 n—
=ZJ;*.<Xi — Y & xn) +J.VInT=
i=1

a, w

n

1
JX+J.VInT. (27)
i=1

i
Here we used Eq. (25) and define the driving force of diffusion from Eq. (26) as

n—1
x;;z(5i,+ﬁﬁ)x,, i=1lton. (28)

=1 a, w;

Eq. (27) can be written concisely in the matrix form
To, = e, (29)

where J* and X* are matrices n x 1 composed of elements J; and X, respectively,
o=1,2,...n — 1, q, the symbol ~ denotes transposition, and

JN=J, X3=VhT. (30)

Egs (29) and (30) are valid for any index a. If we choose another reference velocity
v® defined by Eq. (23) with weight coefficients b; instead of 4, (index b is used instead
of a), we must use the transformation (ref.?, chapter XI)

Jb = Bbaja, (31)

where the n x n matrix B*® has the elements

BE = [a,,a + <b,, Lo _ ba) ﬂ}a = 8a) (1 = 830 + B0ubpq - (32)
a We

n

Here «,f=1,2,...n — 1, q and ag, b,, w, are constants different from zero.

By a change of symbols and indexes b for a in Eqs (31) and (32) we obtain
gy L (33)
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which can be obtained also by inversion of (31), hence
B*® = (B, (34)
By introducing Eq. (33) into (29) we obtain, considering the invariance of To.,,
~To, = J*B®X* = J° Xb, (39)
where » X® = B*X*. (36)
The fluxes J® can be expressed as linear functions of thermodynamic forces X°:
P = X", (37)

where L® denotes n x n matrix of phenomenological coefficients; we assume that
they fulfil the Onsager reciprocal relations

Lb =i, (38)

It is known that these relations must be postulated in phenomenological thermo-
dynamics*?-*3:1%, ysually for fluxes (defined with respect to barycentric velocity in the
case of diffusion) and forces, which are mutually independent. These conditions are
fulfilled in Eq. (37) except that our definition of the driving force contains the flux
(as is apparent from Eq. (8) when the divergences are performed). As will be shown
below, the terms involving the diffusion flux are negligible in practical cases. Let Eq.
(38) be a postulate valid for a barycentric velocity v® = v; we shall prove that it re-
tains its validity if another, arbitrary reference velocity v* ischosen. Indeed, onintro-
ducing Eq. (36) into (37) and the result into (33), we obtain the linear relationship

Ja J— BabLbBabxa s (39)
where the new phenomenological coefficients are
L®* = B**LPB%", (40)

It is seen after transposition of this relation that these new coefficients, as a conse-
quence of Eq. (38), fulfil also the Onsager reciprocal relations:

2=

abLbBab — BabLbﬁab — La . (41)

ot

As discussed in detail in ref.”, it is possible under usual conditions to neglect those
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terms in the entropy production which contain squares of diffusion velocity com-
ponents (compare conditions (45) and (46) in ref.”), so that Eq. () gives

n n
~Tomy wri+Yyr; +J.VInT+ H: Vv +
i=1 i=1

+Zni:v®wi+zJi-(VT.ui_Fi+Qi_lv'Hi>‘ (42)
=1 i=1

From this we obtain with the use of Egs (3), (12)—(16) an approximate expression
corresponding to Eq. (20):

n 0

r n o -
~To~ ~y A+ 2 nV.ovi + Y (VO v +J.VIn T +
k=1 i=1 i=1

+ Y J; (Vo — Fi+ 7'V . I, + Dv[Dy). (43)
i=1

The driving forces of diffusion following from this equation as an approximation
of Eqs (6)—(8) are again interdependent:

Y oV — Fi + o7 'V I, + Dv[Di) = 0. (44)
i=1

This relation corresponding to (9) was derived with the aid of Eqgs (11), (47), (60)
and the equation of continuity of momentum (59) which in the given approximation
takes the form

¢Dv/Dt & =VP — V. Il + Y ¢,F;. (45)
iS1

Hence, in the mentioned approximation the Prigogine theorem (22) and its conse-
quences also apply while the driving forces and fluxes following from Egs (27) and
(28) are now independent (cf. discussion of Eq. (38)). If we, moreover, assume that

V.II; %0, i=1ton (46)

(or in addition, V ® @, ~ 0), Eqs (42) and (43) are reduced (with regard to (3))
to the classical expression of entropy production'~®. The driving forces of dif-
fusion are now interdependent by Eq. (9) since the equation of continuity of momen-
tum (45) is simplified by (46). It is seen that the general validity of Eq. (9) and hence
of the Prigogine theorem is secured by adding the term Dv/D¢ to the driving force
of diffusion. Thisterm does not affect the results known as yet: the entropy production
does not change (with regard to Eq. (3)), and most authors'~* cither start from the
expression of the driving force of diffusion following from Eq. (27) for barycentric
velocity so that the term Dv/Dt cancels, or they assume a mechanical equilibrium,

Collection Czechoslov. Chem. Commun. /Vol. 37/ (1972)



920 Samohyl :

Dv/Dt = 0. The assumption of IT = 0 is unnecessarily severe; Eq. (46) is sufficient.
In favour of the presence of the term Dv/D¢ in the driving force of diffusion is also
the fact that in thermodynamic equilibrium; when ¢ = 0 and all fluxes as well as all
driving forces are zero, a mechanical equilibrium must exist. This indeed follows
from Eqs (20) and (43) (e.g., Dv/Dt must be equal to zero, V. IT; = 0, and so on).

APPENDIX

We shall give here some equations used in the text without derivation. The densities (weight
concentrations) of components, g;, and the density of the mixture, g, fulfil the relationships® ~*7

Ef’i =e, o =Wwe, “7), (48

where w; denotes weight fraction of i-th component of the mixture. The diffusion velocity e;
and diffusion flux J; relative to barycentric velocity v (defined by Eq. (23) for a; = w;) are given
by

o, =v; —v, J;=¢(v;—v), (49), (50)

where v; denotes macroscopic velocity of i-th componenl2‘4'7. The barycentric diffusion fluxes
have the property

s =0. )

The substantial derivatives are operators acting upon some function of time and position, ¢,
which can be a vector. The substantial derivatives with respect to a mixture?® 7812 and to the

velocity of i-th component7'8'“ are, respectively,
Dg/Dt = 2pfot + (v.V) ¢, 52)
D.¢/Dt = d¢fo1 + (v; . V) ¢ (53)

The equation of continuity of mass of i-th component? %712 has two equivalent forms:

20;/31 4V . (05

Tis (549

o DWX/DI +VvV.J =1, (55)

wherer; denotes amount of i-th component formed during a time unit in a unit volume by chemical
reactions. For the whole mixture the mass conservation and the equation of continuity of the total

mass apply: .

=0, 20fot +V.(ev)=0. (56), (57)

With the aid of these formulas we can prove that (Eq. (22) in ref.”)
Aow)[et + V. (gv; @ v;) = oDy, /Dt +vir; . (58)
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The equation of continuity of momentum js”*%!12
n n
eDv/Dt = —yP—V.(T + T o0, ® ©) + Y o;F;, 59y
i=1 i=1

where P denotes thermodynamic pressure, £; volume force acting upon unit mass of i-th com-
ponent and I7 friction pressure tensor equal to the sum of partial friction pressure tensors J7;:

n=ynm,. (60
i=1
LIST OF SYMBOLS

a;, a,, b, weights in definition of reference velocities
B2P, Bb2 transformation matrices of fluxes and forces

B;’E elements of transformation matrices

F; volume force of unit mass of i-th component
J reduced heat flow

J; barycentric diffusion flux of i-th component
J? diffusion flux of i-th component referred to v*
Jq reduced heat flow (see Eq. 30)

I vector flux (heat conduction and diffusion)
13,0 matrices of vector fluxes

L2 Lb matrices of phenomenological coefficients

M; relative molecular mass of i-th component

P thermodynamic pressure

r rate of formation of i-th component by chemical reactions
T absolute temperature

U unit tensor

v barycentric velocity

v; velocity of i-th component

Ve, vb reference velocities

wi weight fraction

X; driving force of diffusion

X3 independent driving force of diffusion

X3 driving force of heat conduction

X2 XP  matrices of driving forces of vector phenomena
Yk rate of k-th chemical reaction

Sy Kronecker delta

H; specific chemical potential

Vik molar stoichiometric coefficient

T friction pressure

T partial friction pressure

n {riction pressure tensor

I partial friction pressure tensor

e density

o density of i-th component (weight concentration)
4 entropy production

a,

production of entropy by vector phenomena

<
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Vi

function of coordinates and time (scalar or vector)
specific potential energy of i-th component
diffusion velocity of i-th component

@i
D/Dt  substantial derivative

D;/Dr  substantial derivative of i-th component
Tr trace of tensor
vVt isothermal gradient
® diadic product
: double-dot scalar product of tensors
o0 (above symbol of tensor) divergenceless tensor
[@X denotation of symmetrical tensor
~ denotation of transposition of matrix
a, b indexes of reference velocities
i, j, I, n  denotation of components
k, r denotation of chemical reactions
q index denoting heat conduction
a, indexes of elements of transformation matrices
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